MAPPING CLASS GROUPS OF HEEGAARD 
SPLITTINGS 



JESSE JOHNSON AND HYAM RUBINSTEIN 

Abstract. The mapping class group of a Heegaard splitting is 
the group of connected components in the set of automorphisms of 
the ambient manifold that map the Heegaard surface onto itself. 
We find examples of elements of the mapping class group that are 
periodic, reducible and pseudo Anosov on the Heegaard surface, 
but are isotopy trivial in the ambient manifold. We prove struc- 
tural theorems about the first two classes, in particular showing 
that if a periodic element is trivial in the mapping class group of 
the ambient manifold, then the manifold is a Seifert fibered space. 



1. Introduction 

Given a 3-manifold M, define Aut(M) to be the group of automor- 
phisms (self homeomorphisms) of M. The set of connected components 
of Aut(M) forms a group Mod(M) called the mapping class group 
of M. Given a Heegaard splitting (£, Hi, H2) of M, we will define 
Aut(M, E) to be the subset of Aut(M) consisting of all maps that send 
£ onto itself. The set of connected components of Aut(M, E) forms a 
group, the mapping class group o/E, which we will denote Mod(M, E). 
We will give a more detailed explanation of these groups and a review 
of the relevant literature in Section [2j 

Automorphisms of Heegaard splittings can be separated into three 
classes as follows: An element of ModiM, E) is periodic, reducible or 
pseudo Anosov if its restriction to E is periodic, reducible or pseudo 
Anosov, respectively. We will deal with each case separately, in order 
of decreasing understanding, beginning with periodic. 

One can construct a Heegaard splitting with finite order elements 
in its mapping class group as follows: Let iV be a 3-manifold and M 
a finite branched or unbranched cover of N. Let (E', ifj) be a 
Heegaard splitting of N. If the covering of N is branched, assume the 
branch set is in bridge position with respect to E. This condition on 
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the branch set implies that the Heegaard splitting (£', H[, H 2 ) lifts to 
a Heegaard splitting (E, Hi, H 2 ) of M. 

The deck transformations of the covering define a finite group of 
automorphisms of M. These automophisms take E onto itself so they 
define a finite subgroup of Mod(M, E). In Sections [3] and HJ we prove 
the following: 

1. Theorem. Let G C Mod(M, E) fre a finite subgroup of the mapping 
class group of a Heegaard splitting (E, H 2 ). Then M is a (possibly 
branched) finite cover of a manifold N such that (E, Hi, H 2 ) is the lift of 
a Heegaard splitting (E', H[, H 2 ) for N . The branch set of the covering 
is in bridge position with respect to E' and the group G is induced by 
the deck transformations of the covering. 

Each connected component of Aut(M, E) is a subset of a connected 
component of Aut(M), so the inclusion map in Aut(M) determines 
a canonical homomorphism i : Mod(M, S) — > Mod(M). In general, 
this map need be neither injective nor surjective. If E is stabilized, 
the kernel of i will contain all Dehn twists along the intersection of E 
with a sphere around the stabilization. If there are alternate Heegaard 
splittings of M that are homeomorphic to E, but not isotopic (this is 
common in toroidal manifolds) then i will not be onto. 

The kernel elements of Mod(M, E) that come from spinning around 
a stabilization are all reducible as automorphisms of E, and therefore 
have infinite order. Heegaard splittings with finite order elements in 
the kernel are much less common. Theorem [1] allows us to pose the 
question of finite order elements in terms of the deck transformations 
of a finite cover and this point of view leads to the following Theorem: 

2. Theorem. If M is a closed hyperbolic 3-manifold then the kernel of 
the canonical homomorphism i : ModiM, E) — > Mod(M) contains no 
finite order elements. 

This is proved in Section Combining Theorem [2] with Namazi's 
results [Hj on mapping class groups of high distance splittings, we 
conclude (assuming the geometrization conjecture) the following: 

3. Corollary. For every genus g, there is a constant K such that if E 
is a genus g Heegaard splitting of distance at least K then the canonical 
homomorphism is an isomorphism. 

The distance refered to here is that defined by Hempel [8] via the 
curve complex. 

In the case of reducible elements of Mod(M, E), there appears to be 
no simple classification. This is because reducible elements fall into at 
least two classes with very different behavior. 
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In Section El we show that a simple combinatorial condition on disks 
in Hi and H 2 implies the existence of "local" reducible automorphisms 
in which many of the disks of the handlebodies are fixed. In particu- 
lar, we show that every weakly reducible Heegaard splitting contains 
such an element in the kernel of i. In Section [7J on the other hand, 
we demonstrate reducible elements in the kernel with a more global 
behavior, arising from open book decompositions. 

In Section [HI we use Oertel's characterization of reducible automor- 
phisms of handlebodies to prove two lemmas which we use in Section M 
to characterize reducible automorphisms of Heegaard splittings. As a 
result of this characterization, we show the following: 

4. Theorem. If Mod(M, E) contains a reducible element then the dis- 
tance o/E is at most 4- 

Finally, in Section [101 we consider the case of pseudo Anosov maps. 
In this case, we are only able to show that every stabilized Heegaard 
splitting has pseudo Anosov elements in its kernel. The problem of 
characterizing in general Heegaard splitings with pseudo Anosov auto- 
morphism remains open. 

2. The Mapping Class Group 

A Heegaard splitting for a 3-manifold M is a triple (E, Hi, H 2 ) where 
Hi, if 2 C M are handlebodies (manifolds homeomorphic to regular 
neighborhoods of graphs) and E is a compact, connected, closed and 
orientable surface embedded in M such that Hi U H 2 = M and dHi = 
E = dH 2 . 

As noted above, Mod(M, E) is the group of equivalence classes of 
automorphisms of M that take E onto itself. Two automorphisms are 
equivalent if there is an isotopy from one to the other by automorphisms 
that take E onto itself. In this paper, we will restrict our attention 
to elements of Mod(M, E) that are orientation preserving on M and 
orientation preserving on E. Such automorphisms take the handlebody 
Hi onto itself and H 2 onto itself. If automorphisms that swap the 
handlebodies exist, the automorphisms that preserve the handlebodies 
form an index two subgroup. 

Throughout the paper, i will refer to the homomorphism from Mod(M, E) 
to Mod(M) induced by "forgetting" E and considering each element of 
Mod(M, E) as an automorphism of M. The two immediately obvious 
questions to ask are when i will be onto and when i will be one-to-one. 
The first of these questions is equivalent to two classical questions from 
the field of Heegaard splittings. 
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Two Heegaard surfaces, E and E' of a manifold M are called home- 
omorphic if there is an automorphism of M taking E onto E'. The 
surfaces are called isotopic if there is an automorphism that is isotopic 
to the identity and sends E onto E'. 

For any Heegaard surface E' homeomorphic to E, there is an auto- 
morphism (j) such that 0(E) = E'. If the homomorphism i is onto then 
there is an automorphism if; that is isotopic to </> and sends E onto 
itself. The map <f> o ip~ l is isotopic to the identity on M and sends E 
onto E', so E is in fact isotopic to E'. Combining this argument with 
its converse, we get the following: 

5. Proposition. The homomorphism i is onto if and only if every 
Heegaard splitting that is homeomorphic to E is isotopic to E. 

Li [10] showed that an atoroidal manifold has only finitely many 
isotopy classes of strongly irreducible Heegaard splittings. This implies 
that for strongly irreducible splittings of atoroidal manifolds, the image 
of i has finite index in Mod(M). 

For toroidal manifolds, Morimoto and Sakuma [J3] have found a 
number of tunnel number one knot complements and Bachman and 
Derby- Talbot [JJ have found Seifert fibered spaces with an infinite num- 
ber of homeomorphic, non-isotopic Heegaard splittings. For all these 
Heegaard splittings, the image of i has infinite index. 

The question of the kernel of i appears to have no classical analogue. 
It can be broken into three cases as follows: For each element (j) °f 
Mod(M, E), the restriction of to E is an element of the mapping class 
group of E. We can classify each element of Mod(M, E) as periodic, 
reducible or pseudo Anosov by whether the restriction to E is periodic, 
reducible or pseudo Anosov. 

If the automorphism of E is trivial isotopic then it is trivial isotopic 
on each handlebody, so <fi is trivial in Morf(M,E). Thus the restric- 
tion map from Mod(M, E) to Mod(E) is an injection. An element of 
Mod(M, E) will have finite order if and only if its restriction to E has 
finite order. 

The literature on automorphisms of Heegaard splittings is varied 
and disconnected. As part of a study of tunnel number one knots 
in S 3 , Goeritz [7] showed that the mapping class group of a genus 
two Heegaard splitting of S 3 is finitely generated. Scharlemann [T7] 
recently published a new proof of this result. 

As an application of a number of results on the geometry of the 
curve complex, Namazi [TJ] showed that for sufficiently high distance 
Heegaard splittings, the mapping class group of the Heegaard split- 
ting is finite. One can deduce the same result for Heegaard splittings 
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that satisfy Lustig and Moriah's double rectangle condition [12J. If a 
Heegaard splitting has one or more diagrams satisfying the double rec- 
tangle condition then these are permuted by the mapping class group, 
and Lustig and Moriah have shown that every Heegaard splitting has 
at most finitely many such diagrams. 

Futer [6] showed that the only tunnel number one knots with an 
automorphism of the complement that reverses the orientation of the 
knot and preserves a genus two Heegaard splitting are two bridge knots. 
The genus two Heegaard splittings are those coming from level tunnels 
joining the two maxima or the two minima. 

In order to study automorphisms of 3-manifolds, Birman and Ru- 
binstein [2] have classified the mapping class groups of a number of 
one sided Heegaard splittings. Zimmermann [19] used automorphisms 
of Heegaard splittings to find hyperbolic 3-manifolds with large map- 
ping class groups and Oertel [15] has given a nice characterization of 
automorphisms of handlebodies. Oertel and Carvalho [3] used this to 
characterize automorphisms of reducible manifolds. 

Casson and Long [I] found an algorithm to determine if a pseodo 
Anosov map on the boundary of a handlebody extends to the entire 
handlebody. They did this not in the context of Heegaard splittings, 
but to determine when a knot is not homotopically ribbon. Long later 
found the first (and so far only) example of an irreducible Heegaard 
splitting with a pseudo Anosov automorphism [TT] . 

3. ISOMETRIES AND HANDLEBODIES 

Given a finite subgroup G of Mod(M, E) we would like to find an 
isomorphic subgroup G' of Aut(M, E) that maps onto G by the inclu- 
sion map. The Nielsen Realization Theorem [9] implies that there is 
a subgroup G" of Aut(E) with this property. To extend this into the 
handlebodies, we will find systems of disks that behaves nicely under 
G" . Futer [6] uses a similar method in his analysis of automorphisms 
of genus two Heegaard splittings of knot complements. 

Given a collection L of pairwise disjoint, simple closed curves in 
a surface E, a simple closed curve I that is disjoint from L will be 
called essential relative to L if £ does not bound a planar surface in 
the complement of L with boundary on L. If E is the boundary of a 
handlebody H, we will say that an isometry <p : E — > E extends to an 
automorphism of H if is the restriction to E of an automorphism of 
H. 

6. Lemma. Let H be a handlebody whose boundary E = OH is endowed 
with a hyperbolic structure. Let L be a (possible empty) collection of 
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simple closed geodesies and let £ be a simple closed geodesic in E that 
bounds a disk in H and is essential relative to L. Assume the length 
of £ is minimal over all the simple closed geodesies that bound disks 
and are essential relative to L. If (ft : £ — > £ is an isometry of £ that 
extends to an automorphism of H and sends L onto itself then (ft sends 
£ onto itself or onto a disjoint loop. 

Proof. Given H, £, L, £ and (ft as above, let £' be the image (ft{£). This 
loop is disjoint from L because (ft takes the set L onto itself. Moreover, 
£' is essential relative to L. If £' is disjoint from £ or equal to £ then we're 
done. Otherwise, because £ and £' are geodesies, they are transverse 
and £' fl £ is a non-empty, finite collection of points. 

Because (ft extends to an automorphism of H, the loop £' bounds a 
disk in H. Let D, D' be properly embedded disks in H whose bound- 
aries are £, £', respectively. We can choose D and D' transverse to each 
other. If D D D' contains a loop then we can compress D along an 
innermost loop in D', removing a loop of intersection. Thus by mini- 
mizing D fl D', we can assume that D fl D' consists of a collection of 
arcs. 

An arc a in D fl D' is outermost in D if a component of D \ a is 
disjoint from D' . The component of D \ a disjoint from D' is called an 
outermost disk in D. An outermost disk in D' is defined similarly. 

The boundary of an outermost disk E in D consists of the outermost 
arc a and the arc dE fl 3D in E. For each outermost disk E in D or 
D', the length of E is the length of the arc dE fl dD in the hyperbolic 
metric on E. Let E be an outermost disk of minimal length over all 
the outermost disks in D and D' . 

First assume E is contained in D'. The outermost arc a — E fl D 
cuts D into two disks, F and F' . If the boundaries of both the disks 
EU F and E U F' bound planar surfaces in the complement of L then 
the boundary of FUF' = D bounds a planar surface in the complement 
of L. This contradicts the assumption that £ is essential relative to L. 
Thus the boundary of E U F or E U F' must be essential relative to L. 

Without loss of generality, assume the boundary of E U F is essential 
relative to L. If the disk F' is not outermost in D then it contains an 
outermost disk of D. Because E has minimal length over outermost 
disks in D and D', the arc F' fl dD has length greater than or equal 
to the length of E fl dD'. Thus the length of the boundary of the disk 
E U F is at most the length of dD. 

Minimal length geodesies in surfaces are smooth. Because the loop 
d(E U F) has corners, it is not minimal, so it is isotopic to a geodesic 
of strictly shorter length. Because geodesies intersect minimally and 
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d(E U F) is disjoint from L, this shorter loop is disjoint from L. It 
bounds a disk and has length strictly less than that of £, contradicting 
the minimality assumption on I. 

Next assume the outermost disk E is contained in D rather than D'. 
As noted above, £' bounds a disk in H and is essential relative to L. 
Because <f> is an isometry on E, the length of £' is equal to that of £, 
so £' has minimal length over simple closed geodesies that bound disks 
and are essential relative to L. Thus we can use the outermost disk 
E with D', as we did with D, to find a simple closed geodesic that 
bounds a disk and has strictly shorter length. This again contradicts 
the minimality assumption and completes the proof. □ 

4. Extending automorphisms 

We will now use Lemma [6] to construct a collection of disks that cut 
H into balls and whose boundaries are permuted by each element of 
G". 

7. Lemma. Let G" C Jsom(E) be a finite group of isometries of 
E = dH such that each isometry extends to an automorphism of H . 
Then there is a collection L of essential, simple closed geodesies in 
E ; bounding pairwise disjoint, properly embedded disks such that G" 
permutes the loops in L and the complement in E of L is planar. 

Proof. Let £\ C E be a simple closed geodesic that bounds an essen- 
tial, properly embedded disk in H and whose length is minimal over 
all simple closed geodesies that bound disks. Such a loop is essential 
relative to the empty set, so by Lemma El every isometry of E that 
extends to an automorphism of H sends l\ onto itself or onto a disjoint 
loop. Thus the set L\ = G"(£\) of images of £\ under isometries in G" 
is a collection of pairwise disjoint, simple closed geodesies. 

Because each element of G" extends to an automorphism of H, each 
loop of L\ bounds a disk in H. If two of these disks have non-empty 
intersection, they must intersect in a number of loops, which can be 
removed by compressing. Thus the loops in L\ bound a collection Di 
of pairwise disjoint, properly embedded, essential disks. 

The complement in a handlebody of pairwise disjoint, properly em- 
bedded, essential disks is a collection of balls and handlebodies. If a 
component E \ L\ is non-planar then the corresponding component H' 
of H \ D is not a ball. Let D C H' be a disk that is properly embedded 
in H, disjoint from Di and essential in H'. 

The boundary of D is essential relative to L\ and if we isotope dD 
to a geodesic in dH, it will remain disjoint from L\. Thus there is a 
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simple closed geodesic that is essential relative to L\ and bounds a disk 
in H. Let £2 be a minimal length such geodesic. 

The loops of Li are permuted by each isometry of G" so by Lemma El 
the images of £2 in the isometries of G" are pairwise disjoint. Let 
L 2 = Li U G"{£2) be the result of adding these loops into L\ 

This process can continue until we have constructed a collection L = 
L n of loops whose complement is planar. These loops are simple closed 
geodesies which bound pairwise disjoint, properly embedded disks in 
H and are permuted by G". □ 

8. Corollary. Let G" C Jsom(E) be a finite group of isometries of 
E = dH such that each isometry extends to an automorphism of H . 
Then there is an isomorphic subgroup G' C Aut(H) such that each 
element of G' restricts to an element of G" and the set of fixed points 
form boundary parallel arcs and graphs in H . 

Proof. We will construct the group G' in the piecewise linear category. 
By Lemma let L be a collection of simple closed curves that are 
permuted by G" and bound a collection D of disks in H. Choose 
a triangulation of E such that L is contained in the 1-skeleton, each 
isometry of G" is simplicial and each fixed point is a vertex of the 
triangulation. 

Extend this triangulation to each disk by placing a vertex in the cen- 
ter of the disk and extending edges out to the vertices on the boundary. 
Then for each g e G", we can extend g to the disks by the unique sim- 
plicial map that agrees with g on the boundary of the disk. 

The complement of the disks is a collection of balls whose boundaries 
are now triangulated. Extend this triangulation to the balls by placing 
a vertex in the center of each and extending edges and faces to the 
boundary. We can thus extend g to H by the unique simplicial map 
that agrees with g on the boundaries of the balls. 

For each element g of G", there is a unique simplicial map of H that 
agrees with g on the boundary. The set G' C Aut(H) consisting of 
these maps is a subgroup such that each element of G' restricts to an 
element of G" . The fixed point set in H consists of the edges that have 
one vertex at a fixed point in dH and the other vertex in the interior 
of H, or vertices at the center of a disk and a ball in the interior. 
Any properly embedded arcs and graphs consisting of these edges are 
boundary parallel. □ 

Proof of TheoremUi Let G C Mod(M, E) be a finite subgroup of the 
mapping class group of a Heegaard splitting (E, Hi, Hi)- The restric- 
tion of G to E is a subgroup of the mapping class group Mocf(E). By 
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the Nielsen realization Theorem [9], there is a hyperbolic structure on 
E and a subgroup G" of Jsom(S) such that the restriction map from 
G to G" is an isomorphism. 

By Corollary [HI the group G" extends to a finite subgroup of Aut(Hi) 
and to a finite subgroup of Aut(H 2 ). Thus G" extends to a subgroup 
G' of Aut(M). 

Let N be the quotient of M by orbits of G'. Because G" is piecewise- 
linear and finite, the inclusion map M — > iV is a (possibly branched) 
finite cover and C7" is the group of deck transformations for this cover. 
Because the set of fixed points is boundary parallel in each handlebody, 
the preimage in N of each handlebody is a handlebody, the Heegaard 
surface descends to a Heegaard surface £' and the branch set is in 
bridge position with respect to £'. □ 



5. Deck transformations 

Theorem [T] allows us to pose the question of periodic elements of the 
kernel in terms of deck transformations of finite covers. Or, equiva- 
lently, we can think of the deck transformations as a group action on 
M by the finite subgroup of Mod(M, E). This allows us to employ a 
recent Theorem of Dinkelbach and Leeb. The following is Theorem 1.2 
from [5]: 

9. Theorem (Dinkelbach and Leeb [5]). Any smooth action by a finite 
group on a closed hyperbolic 3-manifold is smoothly conjugate to an 
isometric action. 

Proof of Theorem® Let (£, Hi, H 2 ) be a Heegaard splitting of a hy- 
perbolic 3-manifold M and let (p be a periodic element of Mod(M, E). 
Let G be the (finite) subgroup of Mod(M, £) generated by <fi. By The- 
orem [TJ M is a (possibly branched) finite cover of a manifold N such 
that <fi is induced by a deck transformation of the covering. The deck 
transformations induce a smooth action of M by G, so Theorem [9] im- 
plies that the action by G is conjugate to an action by isometries. No 
isometry of a hyperbolic 3-manifold is isotopy trivial, so </> is conjugate 
to an isotopy non-trivial automorphism of M. This implies that <fi is 
isotopy non-trivial, and therefore is not in the kernel of the homo- 
morphism % : Mod(M, E) -> Mod(M). □ 

Proof of Corollary^ Scharlemann and Tomova [18] showed if the dis- 
tance of a genus g Heegaard splitting E is greater than 2g then every 
genus g Heegaard splitting of M is isotopic to E. By Proposition [51 
this implies that % is onto. 
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Hempel [8] showed that if the distance of a splitting is strictly greater 
than two then the manifold is atoroidal and not a Seifert fibered space. 
Namazi [H] showed that for every genus g, there is a constant K g such 
that every Heegaard splitting of distance greater than K g has a finite 
mapping class group. In particular for such a Heegaard splitting, the 
kernel of % is finite. 

Assuming the geometrization conjecture holds, if d(H) > max{2g + 
l,K g } then M is atoroidal and Seifert fibered so M is hyperbolic and 
Theorem [2] implies the kernel of % contains no non-trivial finite order 
elements. However, Namazi's Theorem implies that Mod(M, E) is fi- 
nite so no non-trivial element of Mod(M, E) can be in the kernel of 
i. Since i is onto and one-to-one, the homomorphism i is in fact an 
isomorphism. □ 



6. Weakly Reducible Splittings 

A Heegaard splitting (E, Hi, H 2 ) is weakly reducible if there are prop- 
erly embedded, essential disks D±, D 2 in Hi, H 2 , respectively such 
that the boundaries of D\ and D 2 are disjoint in E. In this section 
we show that for every weakly reducible Heegaard splitting, the kernel 
of the induced homomorphism i contains infinite order, reducible ele- 
ments. However, we begin by showing that a slightly weaker condition 
is enough to imply this. 

10. Lemma. Let (E, Hi, H 2 ) be a Heegaard splitting of genus at least 3. 
If there are essential, properly embedded disks D 1 C Hi and D 2 C H 2 
whose boundaries intersect transversely in precisely two points then the 
kernel of i contains an infinite order reducible element or the boundary 
loops of Di and D 2 are isotopic. 

Proof. Let (E, Hi, H 2 ) be a Heegaard splitting of a manifold M of genus 
at least 3 and let Di C Hi, D 2 C H 2 be properly embedded, essential 
disks whose boundaries are not isotopic in E. Assume dDi PI dD 2 con- 
sists of two points. If we orient dDi and dD 2 then at each intersection 
the orientations of the loops will induce an orientation of E. We have 
two cases to consider: when the induced orientations agree and when 
they disagree. 

Let N be the closure of a regular neighborhood of Di U D 2 . Because 
there are two points of intersection, N is a solid torus, as in Figure [TJ 
If the orientations at the two intersections agree then the surface E D N 
will be a four punctured sphere whose boundary consists of four simple 
closed curves in ON , as shown on the left side of Figure [2j If the 
orientations disagree then En N will be a twice punctured torus, whose 
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boundary consists of two simple closed curves in E, shown on the right 
side of Figure [2J The loops E fl dN are parallel longitudes in dN. 



Figure 2. If disks intersect in two points, the induced 
orientations at the intersections may agree or disagree. 

In both cases, "spinning" N along its longitude induces an automor- 
phism of the solid torus iV that fixes the boundary of iV and induces an 
automorphism of E fl N consisting of Dehn twists along loops parallel 
to En dN. If the induced automorphism is trivial then each loop of 
EflcW either bounds a disk in E or cobounds an annulus with a second 
loop in E n dN. 

In the case when the orientations disagree, there are four loops. If 
two of the loops in E fl dN are trivial in E then either one of the loops 
dDi, dD 2 is trivial in E or the two loops are parallel. Because we 
assumed both loops are essential, we conclude that in this case, the 
two loops are parallel. 

If each loop in E fl dN is parallel to a second loop in E fl dN then E 
is the union of the four punctured sphere E fl N and two annuli. In this 
case E has genus two. We assumed that E has genus at least 3 so in 
the case when the orientations at the intersections agree, we conclude 




Figure 1 . A neighborhood of the two disks is a solid torus. 
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that the induced automorphism is non-trivial on £ or dD\ and dD 2 
are isotopic. 

Next consider the case when the orientations at the intersections 
disagree and £ fl N is a twice punctured torus. If the two loops in 
£ n dN are parallel then £ is the union of a twice punctured torus and 
an annulus. This surface has genus two. If both loops bound disks 
then the surface is a closed torus. Because of the assumption that £ 
has genus at least three, we conclude that the induced automorphism 
is non-trivial. □ 

11. Corollary. // (E, Hi, H 2 ) is a weakly reducible Heegaard splitting 
then the kernel of i contains a reducible element. 

Proof. Let (E, Hi, H 2 ) be a weakly reducible Heegaard splitting. A 
weakly reducible, genus two Heegaard splitting is reducible. We will 
deal with this case separately at the end, so for now assume E has 
genus at least three. 

Because E is weakly reducible, there are properly embedded, es- 
sential disks Di C Hi, D 2 C H 2 with disjoint boundaries. If their 
boundaries are parallel then replace Di with a second disk in Hi that 
is disjoint from the original Di (and therefore from dD 2 ) and not par- 
allel to D\. 

We can thus assume that dDi and dD 2 are disjoint, but not parallel 
in E. Because E is connected, there is an arc a with one endpoint 
in dDi, the second endpoint in dD 2 and interior disjoint from both 
loops. Dragging the boundary of Di along this arc produces a disk D[ 
that intersects dD 2 in exactly two points. The disks D[, D 2 satisfy 
the conditions of Lemma [IUJ so we conclude that the kernel of the 
homomorphism i contains an infinite order, reducible element. 

In the case when E has genus two, we note that a weakly reducible, 
genus two Heegaard splitting is always reducible. Let Di C Hi be a 
separating disk whose boundary also bounds a disk in H 2 . Let D 2 C H 2 
be a non-separating disk whose boundary is disjoint from dDi. As in 
the proof of Lemma [TUJ, we can isotope dD 2 to intersect dDi in two 
points. Let iV be a regular neighborhood in E of these two loops. 
The boundary of iV consists of a trivial loop, two parallel loops and 
one non-trivial, separating loop. Thus a composition of Dehn twists 
along these loops will not be trivial in Mod(E). As in Lemma fTDT the 
automorphism is trivial in Mod(M), so this automorphism is in the 
kernel of i. □ 

Note that in the case of weakly reducible splittings, the orienta- 
tions defined by the two intersections agree, so the automorphism of E 
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consists of Dehn twists along the boundary loops of a four punctured 
sphere. However, one of these loops is trivial in S, so we are in fact 
twisting along the boundary loops of a pair of pants, specifically a reg- 
ular neighborhood of dDi U a U dD 2 . (Here a is the arc constructed in 
the proof.) 

7. Open book decompositions 

Let M be a 3-manifold. An open book decomposition for M is an 
ordered pair (L, 0) where L C M is a link and <fi : (M \ L) — > S 1 is 
a fibration of the complement of L. One can construct a Heegaard 
splitting for M from the open book decomposition (L, <fi) as follows: 

Parametrize S 1 as the interval [0, 1] with its endpoints identified. The 
preimage _1 ((O,|)) is homeomorphic to the interior of a punctured 
surface cross an interval. Its closure in M is a handlebody H\ which 
is the union of L and </> _1 ([0, 5]). The closure of the set 1)) is 

a second handlebody #2 such that Hi (1 H 2 is & surface £ which is the 
union of L and the surfaces </> _1 ({0, -}). The triple (E, if 2 ) is the 
Heegaard splitting for M induced from (L, 0). 

We will find automorphisms of a Heegaard splitting coming from an 
open book decomposition using the same method employed by Birman 
and Rubinstein [2] for one sided Heegaard splittings. 

12. Lemma. //(£, Hi, H 2 ) is induced by an open book decomposition of 
the ambient manifold then the kernel of i contains a reducible element. 

Proof. Let (L, <fi) be an open book decomposition of a 3-manifold M. 
Let N be a closed regular neighborhood of the link L. The complement 
of N is homeomorphic to the result of gluing the surface product F x 
[0, 1] by a map ip : (F x {0}) -> (F x {1}). 

There is a family {/it} of maps from the complement of jV to itself 
such that ho is the identity and ht sends each leaf F x {x} onto Fx{x + 
t} where x + t is taken modulo 1. Each h t extends to an automorphism 
of M by rotating the solid tori of N. 

For each integer n, h n takes the surface E to itself and each han- 
dlebody onto itself. The induced automorphism on E fixes the loops 
L C E and restricts to ip n on the complement of L. □ 

Note that all Heegaard splittings induced by open book decompo- 
sitions have distance at most two: If E is induced by an open book 
decomposition, with leaf S, let a be a properly embedded, essential 
arc in S and (3 a disjoint, essential, simple closed curve in S. We can 
construct M by taking S x [0, 1], gluing the top and bottom surfaces 
together, then capping off the torus boundary. 
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The Heegaard splitting is determined by the handlebodies S x [0, |] 
and S 1 x [|, 1] in which a x [0, |] and a x [|, 1], respectively, are properly 
embedded, essential disks. Both disks are disjoint from the loop (3 x 
{|}, which is essential in the Heegaard surface. Thus the splitting has 
distance at most two. 

Both the constructions we have described of splittings with reducible 
automorphisms produce Heegaard splittings with distance at most two. 
There are, however, two constructions that potentially produce higher 
distance splittings: 

For the first construction, let S be a once punctured surface and 
let 00) 0i be fixed point free, orientation reversing, order two automor- 
phisms of S. Let M' be the result of taking S x [0, 1] and gluing S x {0} 
to itself according to 0o an d S x {1} to itself according to 0i. If there 
is an automorphism that commutes with both O and 0i then the 
product map cf>xid acts on M', where id is the identity on the interval 
[0,1]. 

Let M be the result of gluing a solid torus to dM such that S x {|} 
is a longitude of the solid torus. The map x id extends into this solid 
torus, defining an automorphism tp : M — > M. Let H\ be the image in 
M of S x [0, \\ and H 2 the image of S x [0, |]. Each of these sets is 
a handlebody, so they define a Heegaard splitting that is preserved by 
the automorphism 0. We will say that such a splitting is induced by a 
twisted book decomposition for M. 

For the second construction, let (T I ,H 1 ,H 2 ) be a Heegaard splitting 
with a reducible automorphism if) fixing a single, non-separating loop 
I C E. Moreover, assume there is an order two involution of M that 
takes i/i onto H 2 , H 2 onto Hi, commutes with ip and whose fixed point 
set is precisely t. 

Let M' be the quotient of M by the automorphism 0. The image 
in M' of E is a one sided, surface S' whose boundary is the image of 
£. The image of Hi and H 2 is a single handlebody of the same genus. 
A regular neightborhood of S' is a handlebody H[. The intersection 
of H[ with the image of H x and H 2 is a regular neighborhood of the 
boundary, so the closure of the complement of H[ is a second han- 
dlebody. These handlebodies form a Heegaard splitting (Y, 1 , H[, H'?) 
of M'. Moreover, because commutes with if), the automorphism if) 
induces an automorphism of M that preserves E, fixing I. We will say 
that (Y,',H[,H 2 ) is a quotient by a commuting involution. 
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8. Fixed loops in handlebody boundaries 

Given a reducible automorphism ip of a surface S, there is a collec- 
tion L of simple closed curves such that x/j takes L onto itself and the 
restriction of ip to each component of S \ L is either periodic or pseudo 
Anosov. If L is minimal (i.e. no proper subset has this property) then 
any other minimal such collection of loops is isotopic to L. This L is 
called the canonical reducing curve system for ip. 

A simple closed curve £ in the boundary of a handlebody H is called 
disk busting if for every essential disk D, properly embedded in H, the 
boundary of D intersects I. The following Lemma follows from work 
of Oertel [15]: 

13. Lemma. Let ip be an automorphism of a handlebody H whose re- 
striction to dH is reducible (and not periodic). Let L be the canonical 
reducing curve system in dH. At most one loop in L is disk busting in 
H. 

Proof. The map ip is periodic or pseudo Anosov on each component of 
the complement of L. By taking an appropriate power of ip, we can 
assume that it is in fact pseudo Anosov or isotopic to the identity on 
each component. 

If there is a properly embedded, essential disk in H that is disjoint 
from L then no loop of L is disk busting. Assume this is not the case, 
i.e. that dH is incompressible in the complement of L. 

Lemma 2.13 of Oertel's paper [15j states that if ip is pseudo Anosov 
on a component C of the complement of L then there is an embedde- 
ing of an I-bundle into H, sending the horizontal boundary into dH 
such that the restriction of if) to C is induced by a bundle automor- 
phism. The vertical boundary of the I-bundle is a collection of properly 
embedded annuli in H. 

Assume an annulus A in the vertical boundary of such an I-bundle is 
boundary parallel in H. Then the two boundary components of A are 
parallel to a loop I C L. Let a be an essential arc in the base space of 
the I-bundle with both its endpoints in the boundary component that 
lifts to A. Then a lifts to a disk in H which, after pushing across A, 
becomes properly embedded. This disk intersects £ in two points, but 
is disjoint from the remaining loops of L. Thus £ is the only loop in L 
that can be disk busting. 

In the case when none of the annuli are boundary parallel, they must 
also be incompressible because compressing an annulus produces two 
disks whose boundaries can be made disjoint from L, contradicting 
incompressibility of dH \ L. We will say that an annulus is essential if 
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it is incompressible and not boundary parallel. Let A be the collection 
of all essential annuli that come from pseudo Anosov components. 

The complement in a handlebody of a collection of essential annuli 
is a collection of handlebodies. Because tp preserves A, it acts on each 
component of the complement in H of A. For each component C of H\ 
A, either if) preserves an I-bundle structure on C or ip consists of Dehn 
twists along loops of L. In the latter case, Oertel's Theorem 1.11 [15] 
implies that each component of L in C is a boundary component of an 
essential annulus in H that has both boundary loops isotopic into L. 

In this case, every loop £ of L is a boundary component of an essential 
annulus in H. (Some loops may be the boundary of more than one 
such annulus.) Such an annulus is boundary compressible in H and 
the compression produces an essential, properly embedded disk disjoint 
from £. Thus in this case, no loop of L is disk busting. □ 

Given a Heegaard splitting (E, Hi, H 2 ), if there is an automorphism 
of S with canonical fixed set L, at most one loop of L is disk busting 
in each handlebody. If L has three of more components then there is 
a loop in L that is disjoint from both a disk in Hi and a disk in H 2 . 
Thus £ has distance at most two. If £ has higher distance then L must 
have one or two components. For these cases, we employ the following 
Lemma: 

14. Lemma. Let ip be an automorphism of a handlebody H whose re- 
striction to dH is reducible. Let L be the canonical system of reducing 
curves in dH. If L has two components then neither loop is disk bust- 
ing. If L consists of a single disk busting loop then if) preserves an 
I-bundle structure on H. 

Proof. We saw in the proof of Lemma [T3lthat if dH is incompressible in 
the complement of L then every loop of L either cobounds an essential 
annulus in H with a second loop of L or comes from a cuff of an I- 
bundle embedded in H. If L consists of a single loop I then there is no 
loop to provide a second boundary of an annulus. Thus either dH is 
compressible away from £ (so £ is not disk busting) or £ is the cuff of 
an I-bundle embedded in H. In the second case, because there are no 
other loops in L, this I-bundle structure extends over all of H. 

If L consists of two loops then either the loops cobound an essen- 
tial annulus in H or both come from cuffs of one or more I-bundles 
embedded in H. In the first case, boundary compressing the annulus 
produces a disk disjoint from both loops, so neither is disk busting. In 
the second case, lifting an arc in the base surface with its endpoints 
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on one loop produces a disk disjoint from the other arc. Switching the 
roles of the two arcs shows that neither loop is disk busting. □ 

9. Reducible automorphisms 

15. Theorem. If a Heegaard splitting (£, Hi,H 2 ) admits a reducible 
automorphism ip and E has distance greater than two then £ is in- 
duced by a twisted book decomposition or is a quotient by a commuting 
involution on a splitting of distance at most two. 

Proof. Let L be the canonical system of reducing curves in E. By 
Lemma [T51 if L has three or more loops then at least one of these loops 
is not disk busting in either handlebody, so E has distance at most 
two. By the first part of Lemma [TU if L consists of two loops then 
both loops fail to be disk busting in both handlebodies, and again E 
has distance at most 2. Thus if the distance is greater than two then 
L is a single loop. 

If the loop £ = L is not disk busting in either handlebody then 
once again, we have that E has distance at most two. Otherwise, 
by Lemma [TU ip must preserve an I-bundle structure on one of the 
handlebodies. There are two cases to consider: when the I-bundle is a 
product, and when it is twisted. 

First assume that i/j preserves a product structure on H\. In other 
words, there is a homeomorphism from H to S x [0,1] for a once punc- 
tured surface S such that for some automorphism h : S — > S, ip is the 
product map h x id. (Here, id is the identity on the interval [0, 1].) 

If dH 2 is compressible in the complement of I, let D 2 C H 2 be a 
properly embedded, essential disk with boundary disjoint from t. Then 
dD 2 is a simple closed curve in S x {0} or S x {1}. In either case, there 
is an essential arc a C S such that ax [0,1] is disjoint from dD 2 . 
The disk ax [0,1] is properly embedded and essential in Hi so E has 
distance at most one. 

Otherwise, by Lemma [TU x/j must also preserve an I-bundle structure 
on H 2 . An I-bundle structure is twisted if and only if its horizontal 
boundary is connected. Because the structure on Hi is a product, 
dHi\£ is disconnected, as is dH 2 \£, so H 2 has a product structure. This 
implies that (E, Hi,H 2 ) is induced from an open book decomposition 
for M and has distance at most two. 

Next assume the I-bundle structure on Hi is twisted. Then the loop £ 
is non-separating so if ijj preserves an I-bundle structure on H 2 , it is also 
a twisted bundle structure. Let Si be the base space for the structure 
on Hi and S 2 for H 2 . If we define S = T,\£ then the complement in M 
of Si, S 2 and a neighborhood of £ is homeomorphic to S x (0, 1). We 
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can reconstruct M and £ be gluing along S x {0} to itself and S x {1} 
to itself by an involution, then gluing in a neighborhood of £. In other 
words, £ is induced by a twisted book decomposition. 

If if) does not preserve an I-bundle structure on H 2 then by Lemma WQ 
dH 2 is compressible in the complement of £. Let S\ be the interior of 
the base surface for the I-bundle structure on H\. The complement 
in Hi of Si is an open neighborhood of £ \ £ and the complement in 
M of Si is a neighborhood of if 2, homeomorphic to the interior of a 
handlebody. 

Let H be a handlebody and let / : H — > M send the interior of H 
onto M\Si. The preimage in H of £ is a single loop in dH and the map 
/ is two to one on boundary of H away from this loop. Thus points 
in dH \ f~ l {£) are identified in pairs. Let M' be the result of taking 
two copies, H[ and H 2 of H and identifying each point in dH[ with 
the point in H 2 with which it is identified by /. The two handlebodies 
define a Heegaard splitting (£', H[, H' 2 ) of M' . 

We assumed that there is a compressing disk for H 2 disjoint from 
£. This implies that there are compressing disks in H[ and H' 2 disjoint 
from f~ l (£). Thus £' has distance at most 2. The automorphism if> 
determines an automorphism of £'. Moreover, because the construction 
of £' is symmetric in H[ and if^ there is an automorphism of M' that 
swaps H[ and H 2 . This automorphism preserves £ and commutes with 
if) so (£, Hi, H2) is a quotient by a commuting involution on a Heegaard 
splitting of distance at most two. □ 

Proof of Theorem^ Let (£,Hi,H 2 ) be a Heegaard splitting that ad- 
mits a reducible automorphism. By Theorem [TJ)1 if £ has distance 
greater than two then it falls into one of two classes. We will show that 
both of these classes have distance at most four. 

Assume £ is a quotient by a commuting automorphism. In particu- 
lar, assume that Hi has the structure of a twisted I-bundle over S with 
£ the boundary of S and that <9H2 is compressible in the complement 
of £. Let a be a properly embedded, essential arc in S. It lifts to 
a properly embedded, essential disk D in Hi that intersects £ in two 
points. Thus there is a simple closed curve £' that is disjoint from both 
I and dD. Finally, because dH 2 is compressible in the complement of 
£, there is a properly embedded, essential disk in H 2 with boundary 
disjoint from i. Thus the distance of £ is at most three. 

Next assume that £ is induced by a twisted book decomposition. 
Then there are I-bundle structures for Hi and H 2 over Si and S 2 , 
respectively, such that £ is both the boundary of Si and of S 2 . By 
lifting an arc in S%, as in the previous case, we find a disk in Hi that 
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is distance two from £. The same construction in H 2 produces a disk 
there that is distance two from t. Thus the distance of £ is at most 
four. □ 

Given a twisted book decomposition of a manifold M, the comple- 
ment of the top and bottom leaves and the spine is homeomorphic to 
surface x (0, 1) If we take two copies of the complement and glue them 
together to form a double cover, the resulting manifold is a surface 
bundle. Thus a twisted book decomposition has a double branched 
cover that is a standard open book decomposition. The monodromy of 
this open book decomposition is the composition of the two orientation 
reversing maps that define the twisted book decomposition. 

If (E,Hi, H 2 ) is a quotient by a commuting involution and has dis- 
tance greater than two then there is a one sided, incompressible surface 
S in Hi with boundary on the fixed loop i. The restriction of the au- 
tomorphism tp of £ to S is pseudo Anosov. The complement in M of 
t must therefore be atoroidal or Seifert fibered because otherwise the 
canonical incompressible tori would meet S in a collection of essential 
loops that must be permuted by ip. 

If the complement is Seifert fibered then £ is the spine of an open 
book decomposition for M. Otherwise, M \ £ is hyperbolic so the 
automorphism group of M \ t is finite and some power -0™ is isotopy 
trivial in M \i. The surface Y\l compresses into H 2 (but not into Hi). 
Let £' be the result of compressing E as far as possible. This surface is 
incompressible in M \ £ and the action of tp takes £' onto itself. If the 
restriction of ip n is not the identity on the incompressible surface £' 
then M\£ must have a finite cover that is a surface bundle. Thus in the 
case of quotients by a commuting involution, either if) acts periodically 
on a properly embedded surface in H 2 with boundary parallel to £ or 
£ lifts to the spine of an open book decomposition of a finite branched 
cover of M (branched over £). 



10. Stabilized Splittings 

The goal of this section is to show that pseudo Anosov automor- 
phisms of Heegaard splittings are quite common, occurring in particu- 
lar in every stabilized Heegaard splitting of genus three or more. The 
same methods can be used to find pseudo Anosov automorphisms of 
stabilized genus two splittings. The pseudo Anosov automorphisms are 
compositions of reducible automorphisms. 

It is an open question whether there are Heegaard splittings with 
only pseudo Anosov automorphisms. Such a splitting would need to 
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be strongly irreducible. Pseudo Anosov automorphisms do occur in ir- 
reducible Heegaard splittings, but there are no general methods known 
for constructing such splittings. The only known example was found 
by Long p]. 

16. Theorem. If (£, Hi, H 2 ) is a stabilized Heegaard splitting of genus 
at least three then Mod(M, S) contains a pseudo Anosov element in 
the kernel of i. 

In fact, this method implies the same result for stabilized genus two 
Heegaard splittings, but we will allow the reader to modify the proof 
for those cases. 

Proof. Let (£, Hi, H 2 ) be a stabilized Heegaard splitting of a manifold 
M. Then there is an embedded sphere S C M bounding a ball B such 
that Sf\H is a single loop and TiflB is a punctured torus. If we replace 
the subsurface £ fl B with one of the disks in the complement S \ E, 
the result is a Heegaard surface £' of a Heegaard splitting (£', H[, H' 2 ). 

We can reconstruct £ from £' by choosing a ball B C M such that 
the intersection B fl £ is a disk L> C £, then replacing D with a 
standardly embedded punctured torus in B. The sphere dB becomes 
a reducing sphere for the new surface (which is isotopic to £.) 

Assume there is a properly embedded, essential disk Di C Hi such 
that the intersection D fl <9-Di consists of a single arc. Let a C Di be a 
properly embedded arc whose endpoints are in D. Stabilizing £' at D is 
equivalent to attaching an annulus to £' along a. The reducing sphere 
dB is isotopic to the union of the boundary of a regular neighborhood 
of a and one of the disk components of Di \ a. There is a second 
reducing sphere defined by the union of a regular neighborhood of a 
and the second component of Di\a. The loops of intersection between 
£ and these spheres are shown in Figure [3j As shown on the right of 
the figure, the loop determined by the second reducing sphere intersects 
£ fl B in two arcs and intersects £' in a pair of arcs parallel to dDi \ D. 

Because £ has genus at least three, £' has genus at least two. 
Hempel [S] showed that the diameter of the set of curves in the curve 
complex bounding loops in a handlebody of genus at least two is infi- 
nite. Thus there are disks D[ C H[ and D' 2 C H' 2 whose boundaries 
are distance at least three apart. This implies that the complement in 
£' of the boundaries of these disks is a collection of disks. 

Let x be a point in the intersection dD[ fl dD' 2 and let D C £' be 
a small disk containing x and such that D intersects the boundary of 
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Figure 3. After adding a stabilization along an arc in 
a disk D in Hi, there is a second reducing sphere defined 
byD. 




Figure 4. By placing the stabilization at the intersec- 
tion of a pair of disks in opposite handlebodies, we find 
two reducing spheres that cut the surface into disks. 

each disk D[, D' 2 in a single arc. Construct a surface isotopic to £ by 
gluing a punctured torus to £ along D. 

As described above, there is a reducing sphere S\ for £ such that 
Si PI £' consists of two arcs parallel to &Di and a second reducing 
sphere S% that intersects £' in a pair of arcs parallel to dD 2 , as shown in 
Figure HI The complement in £' of S1US2 is a subset of the complement 
of dDi U <9L>2- This is a collection of disks. The complement inEflB 
of Si U 52 consists of three disks, as in Figure HI 

There is an automorphism of (£, ifi, i^) that restricts to a Dehn 
twist along Si D £ and a second automorphism that restricts to a Dehn 
twist along S 2 H £. Because the complement in £ of the loops Si D £ 
and S 2 fl £ is a collection of disks, a result of Penner [16J implies that 
the composition of these two Dehn twists is pseudo Anosov. □ 
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